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a b s t r a c t
This paper is concernedwith themathematicalmodelling of complex interactions between
plant species in a harsh environment such as in the arctic. The aimof the paper is to consider
whether interactions between the species change in character as environments change. For
example, if the effect of climate change is to make harsh climates more benign, will this
imply changes in the way species interact and affect biodiversity?
We consider the interaction of two species of grass. Our model is constructed based on
the notion of a summer season when the plants grow, followed by a winter season when
there is no growth but when the plants are subject to the effects of events such as winter
storms. Our aim is to investigate changes when the summer season is lengthened, when
the climate becomes more benign, when the susceptibility of plants to damage as a result
of storms is increased, and when the intensity (and number) of winter storms is varied.
The models we consider provide new insights into the known behaviour of plant species
interactions in such situations and a basis for further modelling and prediction.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
In this paper we develop a prototypemathematical model based on an elementary understanding of delicate ecosystems
that exist, for example, in the arctic. The overall aim of the paper is to make simple predictions about how changes in the
climate may affect the way plant species interact in simple plant communities and to draw conclusions about possible
impacts on biodiversity.
There has been significant interest recently in investigation of extreme climates, such as the arctic (see, for example, [1]
and the references therein). Here the conditions are harsh and the communities are species-poor. The arctic can therefore
be regarded as a simple model ecosystem for exploring the effect of climate change on interacting plant species because of
the simplified communities existing there. Further, ecologists believe that an early understanding of the effect of climate
change in arctic conditions may provide invaluable insights into future effects of climate change elsewhere.
We shall be particularly interested in investigating aspects of stability of the plant communities to small (and possibly
persistent) changes to the environment. As we shall see, the existing positive interactions between plants observed by
scientists may enable certain species to survive, and we would like to explore whether small changes could result in these
positive interactions being lost.
The work contained in this paper is based on a set of modelling assumptions that have been made about the interactions
between plants and their environment. The assumptions have been based, where possible, on existing datasets and
observations made by ecologists. It would have been desirable to have more data available, but the lack of large quantities
of reliable datamust be recognised as a feature of this type of ecological modelling. Data collection in the arctic is expensive,
the data must be collected over many years, and the influence on the environment due to the presence of experimental
scientists may be more significant than the other changes that are being measured. The assumptions we are using are made
precise in Section 5.
∗ Corresponding author.
E-mail addresses: njford@chester.ac.uk (N.J. Ford), p.lumb@chester.ac.uk (P.M. Lumb).
0377-0427/$ – see front matter© 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2010.01.025
N.J. Ford et al. / Journal of Computational and Applied Mathematics 234 (2010) 2732–2744 2733
2. Background
It is known that interactions between plant species are affected by the environmental conditions in which the species
grow. The prediction of ways inwhich changes in the environment (for example, as a result of climate change) will influence
biodiversity is of particular concern and is the focus of several important research studies in ecology (see [2,3] for example).
However, one major difficulty encountered by researchers in this field is that, in delicate ecosystems, the presence of
research scientistsmay itself be amajor influence on the environment and indeed on the results obtained. It would therefore
be attractive to be able to develop mathematical models that simulate the interactions, predict the effects of various types
of change in the environment, and reduce the need for classical data collection and experimentation.
2.1. Types of plant species interaction
The literature in ecology differentiates four fundamental types of plant species interaction. These are competition
(expressed as (−,−) to represent the fact that success of either species is at the expense of the other), mutualism (expressed
as (+, +) since each species benefits the other), commensalism ((+, 0), where one species is itself unaffected but benefits
the other) and parasitism or predation ((+, −), where one species benefits but at a cost to the other). Examples of these
interactions can be found, for example, in [4–6].
2.1.1. Competition
The notion of competition between plant species may be based on the idea that resources such as water, light, soil
minerals, and growing space are in limited supply. For example, for twoplant species growing in a desert environment,water
would be in limited supply and so plants whose roots permit the greatest acquisition of water would have an advantage.
However, the species that cannot obtain sufficient water may suffer from limited growth or the risk of extinction.
Models need to take account of both competition that occurs between two or more individuals belonging to the same
species (known as intra-specific competition) and that between two or more individuals of different species (called inter-
specific). Darwin argued in [7] that inter-specific competition is strongest among closely related species because these
species tend to have similar resource requirements (cf. [8,6]). It follows that since individuals that belong to the same species
have similar requirements, if a particular resource is not enough to satisfy the needs of the entire population, there will be
competition within the species for access to that resource.
2.1.2. Mutualism
While competition is frequently considered as the only common way in which individuals and species interact, it turns
out that other interactions are important and have been observed experimentally. Mutualism is a symbiotic relationship in
which both partners benefit. This (+,+) interaction can perhaps best be illustrated by an example involving the interaction
between fungus and a plant. The fungus may absorb phosphorus and other essential minerals from the soil and provide
them to the plant. The plant in return provides the fungus with carbohydrates produced by photosynthesis. Thus both the
host plant and the fungus grow better together than separately and we can recognise a mutualistic relationship. For further
details, see [4].
Howevermutualismcanbeobserved in other situationswhere there is no clear causal link. For example, in harsh climates,
ecologists have observed that certain plant species grow more effectively (with greater productivity) where they are found
together. These observations from field sites provide the fundamental motivation for this paper since we would like to try
to understand the types of interactions that lead to mutualistic outcomes so that we can model the effect of changes in the
environment.
2.1.3. Parasitism and predation
Interactionswhere one species benefits at a cost to the other are found inmany fields andmay be described as parasitism
or predation. The conventional terminology is not really meaningful when applied to interactions between plant species,
but we should nevertheless consider (+,−) interactions between plants because they are certainly present in nature.
2.1.4. Commensalism
On the boundary between a mutualistic (+,+) interaction and a parasitic (+,−) interaction lies commensalism (+, 0).
We can think of this as another type of symbiosis inwhich one organismbenefits and the other is neither harmed nor helped.
One common example of commensalism is the relationship between a plant and its epiphytes (organisms that grow on or
attach to living plants).
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2.2. Rationale for our prototype model
As one would expect, the conventional ecological paradigm for explaining plant species interactions is based on the
idea of competition for limited resources (see, for example, [9]). There is a considerable body of knowledge in this area,
and there are existing mathematical models that provide an explanation of the interactions observed in experiments [10–
12]. However, in recent experimental work, undertaken in harsh climates, it has been observed that there may be positive
interactions between plant species. These positive interactions are not explained by previous competition theory and there
is an increasing body of evidence obtained by community manipulation ([13–15] and Refs. therein) that supports the idea
that one finds examples of commensalism and mutualism within these ecosystems along declining productivity gradients.
If global temperatures rise, this has the effect of making harsh climates more benign. For benign climates, where
primary productivity is enhanced, themore common ideas about competition between species for limited resources seem to
provide a reasonably accurate explanation of inter-specific interactions. Temperature changes may lead to other secondary
changes: rainfall levels may increase, or the availability of nutrients to plants may change. Taken together, these changes
to environmental factors may mean that two plant species in the arctic may at some point cease to interact positively and
begin to compete. It is our ultimate aim to provide a mathematical model that will enable us to show how this change in
the interacting behaviour may occur and therefore to provide a predictive tool to model the effect of further changes. From
an ecological viewpoint, if facilitation exists under present conditions with net positive benefit to the species then the loss
of facilitation can affect biodiversity.
Mathematicalmodelling of plant species in the arctic presentsmajor attractions over conventional scientific experiments
and observations: conventional research based on substantial data collection is very expensive and arctic climates are
inhospitable. Further, aswe remarked earlier, plants grow very slowly under arctic conditions and therefore it is not possible
to collect large amounts of data quickly. Historical archives of data are limited to comparatively recent time periods andmay
not contain the most appropriate measurements to enable robust models to be developed. In addition, variation in inter-
specific interactions is caused by the disturbance of the environment and so we would like to avoid the environmental
impact of large numbers of scientists visiting the arctic. Thus in this situation there can be significant environmental and
cost advantages of mathematical modelling. However there is also a challenge for mathematical modelling presented by the
limited data already collected for arctic plant species interactions and the long time period over which any further data has
to be collected.
Therefore, while it would normally be most appropriate to begin developing mathematical models based on the
availability of sufficient data to enable reliable conclusions to be drawn, there is significant justification in ecological
modelling of delicate systems to reach a fuller understanding of the effects of various interactions based on hypotheses
which can be subjected to further testing when the appropriate quantities of experimental data become available. Thus we
examine the changes induced by certain types of interaction rather than based on reliable estimates of parameter values.
Several mathematical models for inter-specific competition have been proposed in the literature and may be adapted to
take account of commensalism or mutualism with varying degrees of success.
3. Models for competition and mutualism
The fundamentalmathematicalmodel for competition for resources is based on amodified version of the classical logistic
model for a single species (see, for example, [16,17]). The classical exponential growth model
y′(t) = αy(t) (1)
is adapted first to take account of environmental saturation and limited resources to form the logistic model
y′(t) = αy(t)(1− βy(t)). (2)
The adaptation to take account of two species y, z competing for resources is immediate:
y′(t) = α1y(t)(1− β1y(t)− γ1z(t))
z ′(t) = α2z(t)(1− β2z(t)− γ2y(t)). (3)
Here the non-negative constantsα, β, γ are known, respectively, as the intrinsic growth rate, the intra-species competition
parameter and the inter-species competition parameter. The model equations have four steady states when
y = 0, z = 0;
y = 0, z = 1
β2
;
y = 1
β1
, z = 0;
y = β2 − γ1
β1β2 − γ1γ2 , z =
β1 − γ2
β1β2 − γ1γ2 .
(4)
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Since the feasible region is y, z ≥ 0 the fourth steady state (the ‘non-zero’ steady state) may not be meaningful ecologically.
Only a positive non-zero steady state indicates a strong likelihood of long-term persistent stable populations of both species.
The values of the parameters α reflect the rate of growth (which needs to be calibrated according to the unit of time).
The parameters β indicate the ways in which members of the same species inhibit one another’s growth. These values will
depend, among other things, on the physical capacity of the environment which is itself dependent on its size and on the
availability of nutrients as well as on the characteristics of the species. The parameters γ depend on the extent to which
populations of one species inhibit the growth of the other. This depends on the extent to which the two species exploit the
same features of their environment. Thus, very similar species tend to have a high level of inter-species interaction, while
rather different speciesmay have amuch lower level of influence on one another. If two plants species compete for the same
limiting resources in a similar way, they are said to belong to the same functional type.
Ecologically, this concept is captured through a constant known as the competition coefficient (see Damgaard’s book [18]
fromwhere the following description is taken). The competition coefficient cij can be interpreted as the inhibition of species
j on species i in units of the inhibition of species i on its own growth. For example, when cij = 0, species j has no effect on the
growth of species i; when cij = 1, a unit of species j has the same effect on the growth of species i as a unit of species i; and
when cij = 2, one unit of species j has the same effect on the growth of species i as two units of genotype i. If cij < 0, species
j has a positive effect on the growth of species i. The fundamental idea is that the competition coefficient can be obtained
from experiments, for example under laboratory conditions, and can then be related to the parameters of themodels chosen.
Thus, it is simple to relate the values of cij to the relationship between βi and γi in (3) although we stress once again that
many alternative model equations are available.
Following on from the discussion of competition coefficients, the most natural way of adapting existing competition
model equations to take account of positive interactions is to base the new equations on (3) and change the sign of the
inter-species competition parameters. Thus we obtain equations of the form
y′(t) = α1y(t)(1− β1y(t)+ γ1z(t))
z ′(t) = α2z(t)(1− β2z(t)+ γ2y(t)). (5)
Some simple insights into this model can be gained by investigating the steady states of the system of equations. These
are
y = 0 z = 0
y = 0, z = 1
β2
y = 1
β1
, z = 0
y = γ1 + β2
β1β2 − γ1γ2 z =
γ2 + β1
β1β2 − γ1γ2 .
(6)
The existence of positive steady states in this environment is dependent upon the intra-species competition (measured
by β1, β2) outweighing the inter-specific benefits (measured by γ1, γ2). However, careful note needs to be taken of the
limitations of these equations: if we model commensalism by setting γ2 = 0 then there is no positive equilibrium. As has
been remarked by many authors (see, for example, [16,19]) the absence of a positive steady state may signal the possibility
of an orgy of mutual benefaction in which the population of one or both species grows to infinity. Of course in practice the
resources available are finite and so this is a feature of the model equations and not of the underlying ecological system.
More realistic model equations are available that do not exhibit this property. (see, for example, [4,16].) However in this
paper it is not our primary concern to model mutualism, but instead we propose to show how mutualistic interaction may
be observed in systems that are inherently competitive.
4. Characteristics of commensalism and mutualism
Aswe have already remarked, quantitative ecological data relating to plant species interactions is sparse andmuch of the
ecological theory already developed reliesmore on qualitative observations. Thus commensalismhas been inferred from the
fact that the two species A and B are frequently recorded as co-existing and rarely seen alone, or mutualismmay be inferred
from observations that two species tend to grow better when they are mixed together than when they exist separately.
Therefore, to some extent, it is reasonable for us to use similar qualitative observations in the validation of our model.
However one particular numerical measure is important in ecology and we discuss its relationship to the mathematical
models under consideration here.
4.1. The relative neighbour effect
The relative neighbour effect (RNE) is used by ecologists as a simple method for measuring the extent (and type) of
neighbour effects on the growth of a single plant species. Following [14] (see also [20]) we define
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RNE = C − T
max(C, T )
(7)
where T and C are given by the performances, respectively, of Control and Treated (neighbours removed) samples. It is simple
to see that RNE lies between−1 and+1withpositive interactions leading to a positive value of RNE andnegative interactions
leading to a negative value. This is a very attractive idea from an ecological viewpoint because the relative neighbour effect
can be estimated easily based on a single field site visit. Simply by finding locations (where other factors are comparable)
in which one or both species are growing, one can find the biomass of each species. This enables the RNE to be calculated
directly from the experimental results.
We can use the results given in (6) to evaluate the RNE based on the mutualistic equations given by Eqs. (5). We assume
that β1β2 − γ1γ2 > 0 and that a positive stable equilibrium solution exists.
For species ywe obtain
C = γ1 + β2
β1β2 − γ1γ2
T = 1
β1
RNE = β1γ1 + γ1γ2
β1γ1 + β1β2
(8)
and for species z we obtain
C = γ2 + β1
β1β2 − γ1γ2
T = 1
β2
RNE = β2γ2 + γ1γ2
β2γ2 + β1β2 .
(9)
As would be expected, since these results are based on a mutualism model, both the RNE values obtained satisfy
0 < RNE < 1. Note that RNE = 1 if and only if β1β2 = γ1γ2 which is the limiting case in which the model equations
exhibit the orgy of mutual benefaction. One can also draw the conclusion that, for values of RNE < 1 values of βi, γi can be
found that will provide models with the same RNE values.
5. The ecological picture at macro- and micro-levels
As we have remarked already, recent papers that have suggested the existence of positive interactions between plant
species have been based on limited amounts of data, collected typically on an annual basis. Thuswe have discrete data points
at annual intervalswith little or no information about the values at intervening times. Indeed, since themeasurements taken
involve destructive methods (harvesting, sorting and weighing biomass) it would be unrealistic to expect large numbers of
data points to have been collected.We know that the long-term time evolution of the biomasses follows a pattern consistent
with mutualism or commensalism and wewant to understand this interactionmore clearly. One way in which wemight do
this would be to try to develop an evolutionary model which considers the behaviours of the plants within each year and
which contributes to the annual patterns observed in the data.
Wemake the following assumptions based on known facts about the arctic climate (see, for example, [1] and references):
Assumption 5.1. 1. The arctic climate can be characterised by a growing season (summer) and a dormant season (winter)
2. in the summer season growing conditions are reasonably favourable and species will compete for resources
3. in the winter season there will be no further growth and the plant populations will instead be subjected to various
weather events (storms etc.) which lead to destruction of some or all of the biomass.
This seems to us to be justified both by the known features of the arctic climate and also by the fact that, if successful,
it will provide a predictive device to enable us to consider the possible impact of climate change through variation in the
length of summer seasons and the number and intensity of winter storms.
Remark 5.1. It might seem more convenient to construct a continuous model for the whole year with varying levels of
growth andwith the storms incorporated using some sort of additional death rate. However, as we shall see later, themodel
adopted has allowed us to investigate the effect of several different hypotheses about the effect of the winter storms on the
population sizes, and we consider that the approach adopted here is (in any case) one that most accurately models the real
system.
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5.1. Summer model
In this paper, we shall term the entire growing season as the summer which we shall assume, for simplicity, is a
homogeneous period of growth. Our mathematical model of plant interactions during the growing season will be called
the summer model.
For the sake of clarity and tractability we shall make the following simplifying assumptions:
• There are adequate levels of resources and a sufficiently benign climate to promote growth throughout the summer
season
• that the competition model (3) provides a reasonable mathematical model for the summer season
• that the timescales for our model are such that any evolutionary effect on the interacting species adapting to
environmental changes do not need to be taken into account in the model.
Remark 5.2. The extent to which this final assumption is justified is a matter of some debate in the scientific literature.
There have been examples of studies where plants have been observed to adapt to changes in environmental conditions
quite quickly (‘within a single season’) and others where such adaptations take many generations. One common theme that
seems to be emerging is that annual species may be faster to adapt. It needs to be borne in mind that no account has been
taken in this work of any adaptations of the species to changes in climate.
The system of Eqs. (3) has been used quite widely but it is surprisingly difficult to find examples where the parameter
values have been based on real data. However there are some examples: for example, the book [21] p. 84 where parameter
values are specified but the source of the underlying data is not stated, and the book [22] gives amodel based on competitive
growth of two species of Yeast so that the intrinsic growth rate is far higher than it would be for species of grass.
To develop a prototype model and to start to understand the issues in making such a model realistic, we can start by
considering the model proposed by Pielou (see [21]). Here α1 = 0.1, β1 = 0.014, γ1 = 0.012 and α2 = 0.08, β2 =
0.0125, γ2 = 0.01125. With an intrinsic growth rate α1 = 0.1, the population of species 1 can be expected to double in
biomass in around 7 units of time, while the intrinsic growth rates for species 2, α2 = 0.08, so the population of species 2
can be expected to double in biomass in around 9 units of time. For this model to be realistic for grass in a temperate zone,
this would make a single time unit correspond to several days. In the arctic, the unit of time would need to be considerably
longer, and so it is clear that realistic parameter choices will need to be much smaller or the time unit chosen will need to
be inconveniently large.
For convenience in a prototype model, we have chosen our unit of time to be 1 day, and we have assumed the grass
grows at an intrinsic rate that enables its biomass to double in around 10 weeks. In this case, based on the discussion in the
previous paragraph, the following choices of parameter are reasonable:
Correspondingly, the values of c12 = 0.857 and c21 = 0.9 and the RNE values are 0.88 and 0.87. The solutions over 100
days, 365 days and 4500 days are given in Figs. 1–3.
Alternatively we can use the actual experimental data for biomass, recorded weekly over a short growing season, and
reported in [23]. This leads to the following values of the parameters, based on two similar species and a considerably greater
growth rate:
With this set of parameters, the values of c12 = −1 and c21 = −1 and the RNE values are both 1. We can produce the
predicted growth over growing seasons of various lengths. The figures (see Figs. 4–6) provide some interesting insights.
The appearance is of two competing species with populations tending towards a steady state. However, as Figs. 2 and
3 show, there is a change in behaviour of the solution for longer growing seasons and we see (unexpectedly) that the
population of one species dies away and would become extinct over a growing season of several years length. We can
therefore regard the population of this species as being essentially unstable with respect to changes in the length of the
growing season. Notice also that the variation in α, β, γ between the two species is quite small. Intuitively wewould expect
two such close species to survive or die together. This prompts us to highlight the way in which small perturbations in the
environment could have quite devastating and unexpected results for ecosystems.
5.2. Conclusions from the summer model simulations
The summermodel simulations provide uswith some very simple conclusions that are of considerable significance. Based
on both of the parameter sets that we have considered, a continuous growing season would lead to one species becoming
extinct. However,with themuch shorter growing season of 60–100 days, this situation does not arise.What seems to happen
is that the destructive forces of thewinter seasonwill reduce the populations of each species in such away that the following
summer season they will each have a low starting value and we shall observe a similar growth pattern. In other words, it is
the destruction ofmuch of the biomass during thewinter season that has the effect of stabilising the two populations. If each
growing season started with the populations from the end of the previous season, then the outcome over several growing
seasons would be extinction for one species.
It is worthwhile observing that these experiments provide a certain amount of evidence in support of the way we are
proposing to model the interacting species. The features observed in the arctic environment are the long-term outcomes of
exposure to the arctic climate. Any transient features will have disappeared over time, and therefore the features observed
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Fig. 1. Model 1 over 100 days.
Fig. 2. Model 1 over 365 days.
Fig. 3. Model 1 over 4500 days.
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Fig. 4. Model 2 over 60 days.
Fig. 5. Model 2 over 100 days.
by scientists are those that persist in the harsh environment. The fact that it has been observed that the species tend to
survive better together leads us to conclude that, in the long-term this should be the outcome of any realistic model.
Recent scientific observations have indicated (see the work of Smol [24], for example) that actually climate change has
been affecting the arctic since the early days of the industrial revolution. Of course we do not have data that permits this
to be built into the models, but this implies that the modelling assumption that the climate has been homogeneous until
recent timesmay not be accurate. On the other hand, most scientists recognise that there has been an acceleration of change
in the most recent time periods.
6. The winter model
Now we move on to consider the development of a realistic winter model. The simplest idea that we could try would
be based on the use of a threshold value. In other words, we assume that all growth beyond some critical value will be
destroyed during the winter season. This approach is attractive, because it is both easy to model and it produces modelling
conclusions that are consistent with the observational records. We shall pursue this idea briefly here, and present figures
showing the populations of the two competing grass species over a 15-year period.
First we use the parameter values from Table 1. We impose a new starting value at the start of each growing season that
is the same as the starting value at the start of year 1. Fig. 7 shows the result.
Fig. 8 gives the corresponding graph for the parameter values from Table 2.
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Fig. 6. Model 2 over 4500 days.
Fig. 7. Model 1 over 2 years.
Table 1
Parameters for model 1.
Parameter Value
α1 0.01
α2 0.008
β1 0.0014
β2 0.00125
γ1 0.0012
γ2 0.001125
More realistically, we need some sort of stochastic model. This can be constructed using a probability distribution to
predict the number of storms (a Poisson process), a way of predicting the intensity of each storm and a method (based on
the principle of buckling, see for example [25]) for predicting the destructive effect of the storms. We can use data from
meteorological records to set up the Poisson process to determine the random number of storms, but we need to use other
methods to predict the destructive effect of the storms.
To be specific, we make the following assumptions:
Assumption 6.1. 1. The destructive events during the winter season can bemodelled based on an annual number of storm
events that can be modelled using a Poisson process with mean 6.
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Fig. 8. Model 2 over 2 years.
Table 2
Parameters for model 2.
Parameter Value
α1 0.168
α2 0.166
β1 0.0125
β2 0.0127
γ1 0.0125
γ2 0.0127
2. Each storm has an intensity that can be modelled using a gamma distribution and the destructive effect of the storm is
proportional to the intensity.
3. Following the principle of buckling, a storm of given intensity will destroy a proportion of the biomass, the proportion
of biomass destroyed depends linearly on the biomass at the start of the storm.
These modelling assumptions enable us to form a model that depends upon two unknown constants. These constants
can be thought of as relating to the propensity of the plant to be damaged in a storm. In other words, the constants should
be determined based on the properties of the specific plants under consideration.
We have estimated the values of these constants in the following way. It is known that the interacting plant species in
our model have survived under current climatic conditions for many years where they have been growing together. We
assume, based on observations, that the population of the plants is reasonably consistent at the end of each winter season.
We can adjust the values of the constants experimentally to find values that have this property over the long term for both
plant species. It turns out that there is a fairly small range, established experimentally, for each of the constants, where the
populations exhibit this long-term property.
To be specific, for model 1, we use the following winter model. The number of storms is given by a Poisson random
variable withmean 6. The storm intensity is given by a gamma distribution with parameters 1 and 5 (this is simply based on
the desire to use a model distribution whose shape matches data of storm windspeed intensity). The proportion of biomass
B destroyed in a storm of intensity G is then given by CiGB where the constant Ci is chosen for each species following the
approach described in the previous paragraph.
Figs. 9 and 10 show solution trajectories for the biomasses of the two species in a simulated experiment over 2 and
10 years.
6.1. Interpreting the results
We require a simple but clear way of interpreting the results so that we may make reasonable statements that can be
interpreted in terms of the ecological observations. We have adopted the approach of estimating, using the results of 20
simulation runs, each run covering a 10-year period, the probability of reaching a zero biomass for one or other species.
To illustrate the approach, we consider the minimum biomasses of each species over the 10-year period with repeated
simulated trajectories. Over 20 runs, species 1 reached a zero biomass on two occasions and species 2 survived on every
occasion. Thus, when the species are growing together, we may conclude that the simulation predicts an experimental
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Fig. 9. Simulation over 2 years.
Fig. 10. Simulation over 10 years.
probability of 220 = 0.1 that species 1 does not survive and an experimental probability of zero that species 2 does not
survive.
Using the same model, but this time considering each of species 1 and 2 growing separately without the presence of the
other species, over 20 simulated trajectories species 1 (alone) reached a zero biomass on 12 runs out of 20, while species
2 reached zero biomass on 10 runs out of 20. So, when the species are growing separately, species 1 has an experimental
probability of 0.6 or reaching a zero biomass, and species 2 has a experimental probability of 0.5 or reaching a zero biomass,
based on these simulation results.
These results indicate that both species are much more likely to survive when they are growing together than growing
separately, which can be summarised by saying that the two species are behaving mutualistically.
We can repeat the process using the parameter values from Table 2, with exactly the same overall results.
This means that we have a prototype model that enables us to show that, under certain conditions, the summer–winter
model may lead to biomass values consistent with the observation of mutualistic interactions.
Now we can use the model to manipulate the environment and to draw some simple conclusions about climate change.
We consider the following in the experimental results that follow:
1. Extending the length of the growing season
2. increasing the number of winter storms
3. increasing the intensity of the winter storms.
In each case, to take account of the experimental variability of the stochastic model, we repeated a 10-year simulation
ten times and recorded the outcomes as they would be observed by an ecologist: we considered whether each species
had survived better, equally, or less well in the presence of the other, and we interpreted the outcomes as representing
mutualism, commensalism, competition and so on. The graphs (see Figs. 11–13) show the incidence of each type of
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Fig. 11. Variation in length of growing season changes incidence of interaction types.
Fig. 12. Variation in number of storms changes incidence of interaction types.
interaction observed across the ten simulations for each set of parameter values. It is easy to see, for example, that increasing
the length of the growing season reduces the incidence of mutualism and increases the incidence of competition. Increasing
the number of storms or storm intensity increases the incidence of mutualism and reduces the incidence of competition.
These results are illustrative of the wide range of experiments that are possible: one can vary parameters over a wider
range, undertake more than ten simulations for each parameter set.
From our experiments we can conclude that any of these variations in the model have the capacity to cause the
mutualistic interactions to be lost. In fact, there is typically quite a small window for the parameter values within which
the outcomes detected are mutualistic. Thus the anxiety that climate change could lead to a reduction in the number of
species surviving in the arctic is supported by this model.
7. Conclusions
This work represents the first step towards developing a reliable model representing arctic plant interactions. Neverthe-
less the results show that one can obtain outcomes consistent with the scientific observations based on a summer–winter
model of the type we have considered. The availability of more reliable data to refine and develop the model is a key re-
quirement in taking the project forward.
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Fig. 13. Variation in storm intensity changes incidence of interaction types.
Acknowledgements
The authors are pleased to acknowledge the helpful discussions with Dr. J. Potter of Trinity College, Dublin, which led to
the work reported in this paper and the helpful observations of the referees that have resulted in a clearer presentation of
the ideas.
References
[1] P.O.S.T., Arctic Changes, Parliamentary Office for Science and Technology, London, Postnote 334, 2009.
[2] MACIS Project, Minimisation of and Adaptation to Climate change impacts on Biodiversity, Framework Programme 6 project, publications webpage
at: www.macis-project.net/pub.html.
[3] J. Olofsson, Positive and negative plant–plant interactions in two contrasting arctic-alpine plant communities, Arctic, Antarctic, and Alpine Research
36 (2004) 464–467.
[4] D.H. Boucher (Ed.), The Biology of Mutualism, Croom Helm, Beckenham, 1985.
[5] P.J. Morin, Community Ecology, Blackwell Science, Inc., Malden, MA, 1990.
[6] H. Van den Berg, D. Ankasah, A. Muhammed, R. Rusli, H.A.Widayanto, H.B.Wirasto, I. Yully, Evaluating the role of predation in population fluctuations
of the soybean aphid Aphis glycines in farmers’ fields in Indonesia, Journal of Applied Ecology 34 (1997) 971–984.
[7] C.R. Darwin, The Origin of Species by Means of Natural Selection, or the Preservation of Favoured Races in the Struggle for Life, John Murray, London,
1872.
[8] A. Beeby, Applying Ecology, Chapman and Hall, 1993.
[9] D. Tilman, Dynamics and Structure of Plant Communities, Princeton University Press, 1988.
[10] D.J. Gates, M. Westcott, J.J. Burdon, H.M. Alexander, Competition and stability in plant mixtures in the presence of disease, Oecologia 68 (1986)
559–566.
[11] D.J. Gates, M. Westcott, Stability of plant mixtures in the absence of infection or predation, Journal of Theoretical Biology 131 (1988) 15–31.
[12] A.G. Pakes, R.A. Maller, Mathematical Ecology of Plant Species Competition, Cambridge University Press, 1990.
[13] R.W. Brooker, T.V. Callaghan, The balance between positive and negative interactions and its relationship to environmental gradients: A model, Oikos
81 (1998) 196–207.
[14] R.M. Callaway, R.W. Brooker, P. Choler, Z. Kikvidze, C.J. Lortie, R. Michalet, L. Paolini, F.I. Pugnaire, B. Newingham, E.T. Aschehoug, C. Armas, B.J. Cook,
Positive interactions among alpine plants increase with stress, Nature 417 (2002) 844–848.
[15] C.F. Dormann, R.W. Brooker, Facilitation and competition in the high arctic: The importance of experimental approach, Acta Oecologica 23 (2002)
297–301.
[16] M. Kot, Elements of Mathematical Ecology, Cambridge University Press, 2001.
[17] J.D. Murray, Mathematical Biology, 2nd ed., Springer, Berlin, 1993.
[18] C. Damgaard, Evolutionary Ecology of Plant–Plant Interactions—An Empirical Modelling Approach, Aarhus University Press, 2004.
[19] R. May, Stability and Complexity in Model Ecosystems, 2nd ed., Princeton University Press, 1974.
[20] Z. Kikvidze, L. Khetsuriani, D. Kikodze, R.M. Callaway, Seasonal shifts in competition and facilitation in subalpine plant communities of the central
Caucasus, Journal of Vegetation Science 17 (2006) 77–82.
[21] E.C. Pielou, Mathematical Ecology, 2nd ed., Wiley, New York, 1977.
[22] E. Renshaw, Modelling Biological Populations in Space and Time, Cambridge University Press, 1991.
[23] V.H. Blackman, The compound interest law and plant growth, Annals of Botany 33 (1919) 353–360.
[24] J. Smol, 2008 Canada–Rutherford Lecture, Royal Society of London, 2008.
[25] K.J. Niklas, Plant Biomechanics: An Engineering Approach to Plant Form and Function, University of Chicago Press, 1992.
